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Lecture Outline 
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• More examples for NPC problems 

• Monkey puzzle 

• Map coloring 

 

• Problems that are even harder than NPC? 

• Non-computable problems 

• The halting problem 



Believed Classification of Problems We Saw 
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    NP 
   Graph Isomorphism 

   Factorization  

             …   

P 
Euler paths 

 
Almost everything you 
did in intro to CS and in 

this course 

NPC 
 

Hamiltonian paths 
TSP 

Integer Programming 

 
+ ~1000 more… 

 



A Comic relief – or: 
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Why it's good to know a problem is NPC… 



Some Additional NPC Problems (1) 
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• Monkey Puzzle Problem: 

 Given n square cards with imprinted “monkey halves”, fixed orientation 

 Can you arrange the cards in mxm square with matching halves? 

 

 

• Brute force solution: O(n!) w.c. 

 

• Can improve by discarding 

 partial arrangements, but… 

 

• This problem is NPC 

 

 

 

Images from: Algorithms and Data Structures by Simonas Šaltenis, Aalborg University 



Some Additional NPC Problems (2) 
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• Map Coloring: 

 Given a given a planar map with n regions, can it be colored using 3 colors so 

that no adjacent regions have the same color? 

 

• Brute force solution: O(3n!) w.c. 

 

• Can improve by discarding 

 partial coloring, but… 

 

• This problem is NPC 

 

• Surprisingly, for 2 colors and 4 colors  

 the problem is in P ! 

 Any map with no points that are the junctions  

 of an odd number of states can be 2-colored 

 Any map            ???         can be 4-colored 
Image (and activity) from http://csunplugged.org  

http://csunplugged.org/
http://csunplugged.org/
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• Theorem: Any planar map can be 4-colored ! 

 

• This was formulated as a conjecture back in 1852, but it was not proved for over 

120 years. 

 

• It was proven in 1976 by Kenneth Appel and Wolfgang Haken.  

 It was the first major theorem to be proved using a computer  

 The proof involved examination of over a thousand types of maps by computers. 

   

• The proof remained somewhat controversial (why?) 

The 4 Color Theorem 

Source: Wikipedia 
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• Despite the motivation from coloring political maps of countries, the theorem is 

not of particular interest to mapmakers. 

 

• But other interesting problems can be easily reduced to it. 

 

• For example: The Scheduling Problem. 

 The Technion Biology Department wants to schedule courses for 2016.  

 The goal is to split the courses into different time slots, so that enrolled student can 

attend all lectures. 

 

                   student A – Molecular biology, Bioinformatics, Genetics 

                 student B – Zoology, Evolution, Bioinformatics 

                 student C – Genetics, Evolution 

                 student D – Biochemistry, Molecular Biology, Numerical analysis 

                 student E – Biochemistry, Evolution, Immunology 

 

• This is really a graph coloring problem in disguise ! 

Why Map Coloring is Useful? 



Believed Classification of Problems We Saw 
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    NP 
   Graph Isomorphism 

   Factorization  

             …   

P 
Euler paths 

 
Almost everything you 
did in intro to CS and in 

this course 

NPC 
 

Hamiltonian paths 
TSP 

Integer Programming 
3-coloring 

Monkey puzzle 

 
+ ~1000 more… 

 

Anything 
outside 
here? 



Even Harder Problems 
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• There are problems which are not even verifiable in Poly-time. 

 

 

• One important such set of problems is the non-computable problems. 

• Non-computable decision problems are termed undecidable. 

• These are problems for which there is no solution at all, and there never will be. 

 

 

 

• Example: the Halting problem 



The Halting Problem 
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• One of the nightmares of programmers are endless loops in their programs.  

• Can we write a Python function Halt(F,x) that would tell us: 

Does F halt when executed on input x? 

 

 

 

 

 

 

 

• Subtle comments: 

• Halt should reply correctly for every pair F,x 

     Particularly, Halt itself must always terminates 

• Why not just execute F on x and decide if it halts? 

So we do not know how Halt would work.  

We merely ask if such Halt could exist at all. 

def Halt(F, x): 

   … 

   return True #F halts on x 

   … 

   return False #F does not halt on x  

    (infinite loop) 

possible? 



The Halting Problem – the Contradiction! 
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We are now going to do two “strange” things: 

 

1) Call Halt like this: 

 >>> Halt(F,F) 

 

2) Call a function on itself 

 >>> g(g) 

 

• Neither should scare you! 

def Halt(F, x): 

   … 

   return True #F halts on x 

   … 

   return False #F does not halt on x  

    (infinite loop) 

possible? 

def Paradox(F): 

  if Halt(F,F): 

    while 1>0: 

 print("loop") #endless loop 

  else: 

     return "end" 

>>> Paradox(Paradox) #does this halt?? 



Alan Turing (1912-1954) 
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• So no such Halt could exist! 

• This is true not only for Python, but for any programming language. 

 

• In fact, this is true for any computerized system. 

 

• This proof was given by Alan Turing, one of the "fathers" of Computer Science, 

in 1936. 

 He defined what “computer” is, in an abstract model called Turing machine. 

 

• The Church-Turing Thesis states that Turing machines can compute anything 

that can be computed, and that in terms of what can and cannot be computed, 

they are of equal power to any modern computer. 


