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We'll see today 2 of the most basic problems in graph theory, 

and their solutions. 

 

• Paths and connectivity 

 

• Euler path problem (the 7 bridges of königsberg) 

 

• Shortest paths problem 

- Dijkstra's algorithm 

 

 



Paths and connectivity 
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• A path in a graph G=(V,E) is a sequence of nodes 

 (v1, v2, …, vk) 

 such that (vi , vi+1)  E    for every 1≤i<k 

 

• If there's a path from a to b we say that b is reachable from a. 

• If v1=vk, the path is called a cycle. 

• A path which does not contain any node more than once is called simple. 

 

• The length of a path is the number of edges. 

 for weighted graphs, the weight/length of a path is the sum of its edges weights. 

 

• How would you define the distance from node a to node b in a graph? 

 

• A graph is connected if there is a path from every node to every node. 



Special topologies 
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• Tree: 

 A connected acyclic simple graph. 

 

 

 

• Exercise: how many paths are there between any given 2 nodes in a tree? 

 

 

 Rooted tree: 

 A tree with a special node called the root. 

 this topology defines the relations: 

- parent, ancestor 

- child, descendant 

- leaf / internal node 

- … 

root 

leaf 



Special topologies (2) 
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• Bipartite graph 

 

 What types of relationships can  

 naturally be modeled by bipartite graphs? 

 

 

 

 

• Clique (complete graph) 

 

 

 

 

  

 

 Exercise: try to formally define these topologies. 

V1 V2 



The Seven Bridges of Königsberg 
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• Königsberg  -  now Kaliningrad, Russia. 

 

• A problem published by Leonhard Euler, 1735 

 Considered the first paper in graph theory. 

 

 

 

 

 

 

 

 

 

 

• Find a walk through the city that would cross each bridge once and only once. 

• Euler proved this is impossible. 



The Seven Bridges of Königsberg 
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• Find a walk through the city that would cross each bridge once and only once. 

• Euler proved this is impossible. 

 

• What are the important details here? 

is there a path in this graph that 

goes through every edge exactly 

once? 

Model – an abstract representation of 

reality, focusing on particular aspects 

relevant for the problem at hand. 



House of Santa 
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• Can you draw this withougt lifting your pencil from the paper? 

is there a path in this graph that 

goes through every edge exactly 

once? 

• Identifying similarities between problems ! 



Euler path / cycle 
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• Definition: 

 Euler path in a graph is a path which traverses every edge exactly once. 

 What's an Euler cycle ? 

 

• The question is now: do these graphs contain an Euler path? 

 

• Generalization: 

         When* does a graph contain an Euler path? 

* We are interested in sufficient + necessary conditions 



Euler path / cycle 
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• Theorem: 

 A connected graph contains an Euler cycle if and only if: 

 every node has even degree 

 

The graph has Euler path if exactly 2 nodes have odd degree. 

 (the path must begin and end in these two nodes.) 

no Euler path 

(obviously no Euler cycle too) 

Euler path exists 

no Euler cycle 

proving the "only if" is 
easy. 

The "if" direction a bit 
more difficult. 



Reflection 
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We've just seen an example of very common practices in computer science 

 (regardless of graph theory): 

• raising the level of abstraction by modeling 

• focusing on the essential details 

• identifying similarites between problems 

• generalization (always?) 

“Computer Science is a science of abstraction - creating the right 
model for a problem and devising the appropriate mechanizable 
techniques to solve it.” 
  -- A. Aho and J. Ullman 
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Shortest paths problem 



Shortest paths problem 
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• Say we want to know: 

• How far apart are two genes in an interaction network 

• What is the shortest (and likely) infection path 

 

 

• In graph terms: Given a weighted graph G, and 2 nodes a and b, 

  find the shortest path from a to b. 

  shortest = minimal weight 

 

a 

b 



Shortest paths problem 
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• In graph terms: Given a weighted graph G, and 2 nodes a and b, 

  find the shortest path from a to b. 

  shortest = minimal weight 

 

• questions: 

1. directed? 

2. weighted? 

3. if there is more than 1 shortest path – do we want them all? 

4. do we just care about the length, or the path? 

 

• We will now see a solution for the following version: 

1. don't care, will work for both 

2. yes, but only positive weight will be allowed 

3. just 1, arbitrary 

4. both 



animation 
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Dijkstra's algorithm 
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• Input: Graph G, and a node source 

 

• Output:  

- for every node, the weight of the shortest path from source 

                   and the previous node in that shortest path* 

 Formal representation of output: 

- a list dist 

 dist[i]  = the weight of the shortest path from source to node i 

- a list prev 

 prev[i]  = the previous node in the shortest path from source to node i 

 

• The algorithm will use a list Q of nodes still being handled: 

• aleady discovered by the algorithm 

• the algorithm did not finish setting their final values to dist and prev 

- initialization:   Q = [(0, source)] 

- termination:     Q = [ ] 

* will be given as class / HW problem 



Dijkstra's algorithm in high level 
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Dijkstra (G, source): 

Initialization: 

1. dist[i] = 0 for source, and ∞ for all other nodes  

2. prev[i] = ? 

3. Q = [(0, source)] – the only node we "discovered" so far and its distance 

 

Main Loop: 

4. while there are nodes in Q to handle: 

4.1  pick the node u in Q with minimal dist[u] 

4.2  remove u from Q (dist[u] is final !)  

4.3  for every neighbor v of u: 

 4.3.1  update dist[v]  

 4.3.2  update prev[v] ? 

 

Termination: 

   5.  return dist 

if dist[v] > dist[u] + G[u][v] 
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Source: University of Washington 

CSE 373: Data Structures & Algorithms, Spring 2010 

 

Full example step by step: 

http://www.cs.washington.edu/education/courses/cse373/10sp/le

ctures/DijkstraSteps.pdf 

http://www.cs.washington.edu/education/courses/cse373/10sp/lectures/DijkstraSteps.pdf
http://www.cs.washington.edu/education/courses/cse373/10sp/lectures/DijkstraSteps.pdf
http://www.cs.washington.edu/education/courses/cse373/10sp/lectures/DijkstraSteps.pdf
http://www.cs.washington.edu/education/courses/cse373/10sp/lectures/DijkstraSteps.pdf
http://www.cs.washington.edu/education/courses/cse373/10sp/lectures/DijkstraSteps.pdf
http://www.cs.washington.edu/education/courses/cse373/10sp/lectures/DijkstraSteps.pdf


Dijkstra's algorithm – interactive demo 
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http://optlab-server.sce.carleton.ca/POAnimations2007/DijkstrasAlgo.html 

 

There are tons in the internet… 

May differ in small details. 

http://optlab-server.sce.carleton.ca/POAnimations2007/DijkstrasAlgo.html
http://optlab-server.sce.carleton.ca/POAnimations2007/DijkstrasAlgo.html
http://optlab-server.sce.carleton.ca/POAnimations2007/DijkstrasAlgo.html
http://optlab-server.sce.carleton.ca/POAnimations2007/DijkstrasAlgo.html
http://optlab-server.sce.carleton.ca/POAnimations2007/DijkstrasAlgo.html


Implementation 
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First, we must think about how to represent a graph in the computer's memory. 

0 

2 

1 

3 

Adjacency Matrix  Neighbors list 

G=[  [1,2,3],  

        [0,2],   

        [1,0],   

        [0]       ] 

G=[ [0,1,1,1], 

        [1,0,1,0], 

        [1,1,0,0], 

        [1,0,0,0]  ] 

G={  a:[b,c,d],  

         b:[a,c],   

         c:[b,a],   

         d:[a]       } 

Neighbors list 

as a dictionary 

if nodes are not labled.  

number them arbitrarily 0,1,…,n-1 

a 

c 

b 

d 

if nodes have "names" (labled) 



Implementation (2) 
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How would directions on edges affect each representation? 

 

 

How would weights on edges affect each representation? 

0 

2 

1 

3 

G=[  [1,2,3],  

        [0,2],   

        [1,0],   

        [0]       ] 

G=[ [0,1,1,1], 

        [1,0,1,0], 

        [1,1,0,0], 

        [1,0,0,0]  ] 

G={  a:[b,c,d],  

         b:[a,c],   

         c:[b,a],   

         d:[a]       } 

a 

c 

b 

d 



Implementation (3) 
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• We'll now take a look at a prepared implementation of Dikstra's algorithm. 

 

• You do not  need to understand every detail of the code. 

 But you will be asked to work with it / modify it. 

 

• In fact, the idea is to get used to working with existing code 

 (downloaded from the internet, writen by a collegue, …)  

 which we only partially understand. 



Exercises 
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Consider the following version of the shortest path problem: 

  

Instead of finding the shortest paths from a source to all other nodes, we now want to 

find the shortest path from every node to some target node. 

  

Explain how this can be achieved by running Dijkstra's algorithm only once. 
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Reflection 

In the last example, we used a "black-box" solution to   the 

shortest path problem, in order to solve another version of it.  

 

To do that, we modified the input, so that the execution of the algorithm 

provides exactly what we need. 

 

This is a common practice in CS.  

It is called Reduction. 
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G 

target 

shortest 

paths to 

target in 

G 

existing solution to 
the original shortest 

paths problem 
G', 

source 

shortest 

paths 

from 

source in 

G' 

swap edges 

Reduction: 

solution to shortest paths 
to a target 
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input output 

solution to problem 
A 

input' output' 
reduction of input 

Reduction (generalization): 

backwards translation  

solution to problem  
B 



Some exercises for the brain 
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1.   Can a shortest path contain a cycle? 

 

2.   Suppose we have a shortest path from a to b.  

 Suppose this path goes through some node v.  

 Is the part of the path from a to v also a shortest path? and from v to b? 

 

3.   Does Dijkstra's algorithm provide the correct output if the graph is not connected? 

Recall the definition of distance to answer that. Explain. 


